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Abstract
Recently, it has been proposed that the deformed matrix model describes a two-
dimensional type 0A extremal black hole. In this paper, the thermodynamics of 0A
charged non-extremal black holes is investigated. We observe that the free energy of
the deformed matrix model to leading order in 1/q can be seen to agree to that of the
extremal black hole. We also speculate on how the deformed matrix model is able to
describe the thermodynamics of non-extremal black holes.
February 2004
1 Introduction
Recently, the work in [1, 2, 3] has revived the interest in matrix model descriptions
of noncritical string theories in two dimensions. In particular, it has been argued in
[2, 3] that the two-dimensional type 0A and type 0B string theories each are dual to
matrix models which are nonperturbatively stable.
The so-called deformed matrix model which was suggested to describe the two-
dimensional type 0A string theory had appeared in the literature long before these de-
velopments – in [4] it was proposed that this matrix model describes two-dimensional
string theory in a black hole background. For further developments of this see [5–10].
Very recently [11, 12], it was argued that both of these identifications are essentially
correct, and that type 0A string theory in the presence of a background flux q can be
viewed as describing an extremal two-dimensional black hole of charge q.
In this paper, we give further evidence for this claim by calculating the thermody-
namical properties of non-extremal two-dimensional charged black holes. In particu-
lar, we calculate the free energy, entropy and temperature of these black holes. We
show that in the extremal limit, this free energy exactly matches the matrix model
free energy. This supports the observation made in [12] where it was found that the
ADM mass of the extremal black hole equals the free energy of the 0A matrix model.
The next natural question to ask is whether there is also a matrix model de-
scription of non-extremal two-dimensional black holes. In this respect, the cutoff
dependence we find on the space-time side is quite suggestive. Motivated by this,
we discuss a possible modification of the deformed matrix model based on the work
in [13].
This paper is organized as follows. In section 2, we discuss the thermodynamics
of the two-dimensional charged black hole and calculate the free energy by evaluating
the Euclidean action. In section 3, we begin by calculating the free energy of the type
0A matrix model, finding a result which exactly matches the result of the previous
section in the extremal case. Subsequently, we discuss in more detail the relation
between the two sides of the duality. In particular, we describe how the deformed
matrix model could be modified in order to take the temperature dependence of the
non-extremal black hole into account. We conclude in section 4.
Note added. In preparing this paper for submission, we received the paper [14],
where the thermodynamic properties of the two-dimensional charged black hole are
also calculated. While our results on the thermodynamics on the space-time side
agree with those in [14], the conclusions on the comparision to the matrix model
seem to differ.
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2 Free Energy and Thermodynamics of the Black
Hole
2.1 The Black Hole Solution
The starting point for our analysis will be the space-time effective action for type 0A
string theory [15, 16, 11, 12] in the presence of a RR flux q and zero tachyon field,1
S = −
∫
d2x
√−g [e−2Φ (R+ 4(∇Φ)2 + 4k2)+ Λ] , (2.1)
where Φ is the dilaton field and the constants k and Λ are given by2
k =
√
2
α′
Λ =
−q2
4piα′
. (2.2)
The equations of motion following from this action are
Rµν − Λ
2
e2Φgµν + 2∇µ∇νΦ = 0, (2.3)
R+ 4k2 + 4∇2Φ− 4(∇Φ)2 = 0. (2.4)
Denoting the space-time coordinates by (t, φ), one finds the following one-parameter
family of solutions [16, 11, 12]
ds2 = −l(φ)dt2 + 1
l(φ)
dφ2 (2.5)
Φ = −kφ, (2.6)
where
l(φ) = 1− e−2kφ
(
m
k
− Λ
2k
φ
)
. (2.7)
The nature of such solutions depends on the value of the parameter m in relation to
its critical value
mext =
Λ
4k
ln
( −Λ
4k2e
)
. (2.8)
For m < mext the space-time has a naked singularity and these solutions will not be
of interest to us. For m ≥ mext the solution represents a charged black hole whose
horizon, φH , is given by the largest zero of l(φ). Whilst l(φ) generically has two zeros
for the black hole space-time, these coincide when the lower bound on m is saturated
and at this point the black hole is extremal.
1The sign of the action varies in the literature but this choice of sign depends on the definition
of the spatial coordinate in the measure.
2We note that, in comparison to the actions given in [12, 14], our value of Λ differs by a factor
of 2. This is because we choose only to include contributions to the Λ term from either the electric
or magnetic sector of D0 branes, which allows for a generalization to a non-zero tachyon field. For
a discussion of this point we refer the reader to, for example, [3].
2
2.2 Basic Black Hole Thermodynamics
Our two-dimensional black holes are parametrized by the mass parameter m. How-
ever, it often becomes easier to parametrize by the horizon radius φH instead. Using
l(φH) = 0, these two quantities are related by the one-to-one correspondence
m = ke2kφH +
Λ
2
φH . (2.9)
The temperature of the black hole can be defined by moving to the Euclidean section
t→ iτ . In so doing the horizon develops a bolt singularity which must subsequently
be removed by compactifying the Euclidean time direction τ according to [17]
τ ∼ τ + β where β = 4pi
l′(φ)
. (2.10)
The temperature of the black hole is then defined by
T =
1
β
=
1
8pik
(
4k2 + Λe−2kφH
)
(2.11)
The relation now of course allows us to parametrize the black hole space-time in terms
of T instead by using the one-to-one mapping
φH = − 1
2k
ln
(
8pikT − 4k2
Λ
)
. (2.12)
In what follows we will refer to horizon radius of the extremal black hole φH(T = 0)
as φext.
The mass of the black hole space-time can be evaluated via the ADM formalism
(see for example [18]). This requires a reference space-time for which we take the
extremal black hole. The ADM energy is then given by
EADM =M −Mext =
[
−4ke2kφ
(
l(φ)−
√
l(φ)lext(φ)
)]
φ→∞
= (2m− Λφc)− (2mext − Λφc) , (2.13)
where M = 2m− Λφc is the mass of the black hole space-time including a divergent
volume term. We have regulated this contribution with an infrared cutoff φc in the
spatial direction φ and ignored terms which vanish in the large φc limit.
To completely determine the thermodynamics of the black hole it now remains to
calculate the free energy from which one can also derive the entropy.
2.3 Free Energy from the Euclidean Action
Our objective now is to calculate the free energy by using Euclidean Quantum Gravity
techniques. Of course, one may be tempted to calculate the entropy and free energy
directly by integrating up the second law of thermodynamics, but the integration
3
constants which arise could be of importance so we will avoid this problem in what
follows.
The free energy, F , can be defined in terms of the on-shell value of the Euclidean
action, I, through the simple relation
F =
I
β
. (2.14)
We thus proceed to evaluate the Euclidean action and the remaining thermodynamic
properties of our solution will be revealed.
In moving to the Euclidean section, t→ iτ , one must supplement an action with
a Gibbons-Hawking boundary term which allows the use of a well-defined variational
principle [17]. In doing so our complete Euclidean action now becomes
I = −
∫
M
√
g
[
e−2Φ
(R+ 4(∇Φ)2 + 4k2)+ Λ]− 2 ∫
∂M
√
h e−2ΦK, (2.15)
where hab is the induced metric on the boundary and K is the trace of the second
fundamental form.
Formally evaluating the action for our solution will give infinity as we intend to
evaluate over all Euclidean space, i.e. the entire region outside of the black hole
horizon. To deal with this a background subtraction is required. In choosing a
reference background it must be one which belongs to the ensemble of black hole
solutions that are under consideration, i.e. in this case it must also have charge q.
Therefore the natural background to consider is the extremal black hole defined by
m = mext. Our regularized action then becomes
I = −
(∫
M
−
∫
Mext
)√
g
[
e−2Φ
(R+ 4(∇Φ)2 + 4k2)+ Λ]
−2
(∫
∂M
−
∫
∂Mext
)√
h e−2ΦK. (2.16)
In order to match the black hole with the extremal black hole reference background at
spatial infinity the limits of integration must be chosen with care. Our intention is to
evaluate over all space-time, but this is achieved by formally integrating up to some
cutoff R in the φ coordinates for both space-times and then letting R → ∞. The τ
integration then proceeds as follows. Whilst for the black hole we integrate τ from 0
to β, the geometry of the reference background must match the black hole geometry
at the cutoff surface φ = R. This requires us to choose a period of integration for the
τ coordinate of the extremal black hole given by the following relation3
β
√
gBHττ (R) = βext
√
gextττ (R). (2.17)
3This is valid since for the extremal black hole there is no bolt singularity at the horizon and so
one may formally assign any desired period to the Euclidean time [19, 20].
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Evaluating βext at large R we find
βext
β
= 1− m−mext
2k
e−2kR +O (e−4kR) . (2.18)
Given that the limits of integration are now established we may turn to the inte-
grands. Evaluating the bulk integrand we find
Lbulk = 3Λ + 8k2e2kφ. (2.19)
The boundary integrand needs a little bit of technology. We pick a unit normal to
the boundary nµ = (0, 1/
√
gφφ). Then Kab is the Lie derivative of the induced metric
with respect to this normal, i.e.
Kab = h
c
(ah
d
b)∂cnd. (2.20)
In our case the only nonzero component of K is the ττ -component and the trace of
K can be subsequently found,
Kττ =
1
2
√
l(φ)l′(φ) ⇒
√
hK =
l′(φ)
2
. (2.21)
We can now evaluate the integrand of the boundary integral to obtain
Lbdry = m¯−
RΛ
2
+
Λ
2k
, (2.22)
where m¯ is m or mext respectively.
We now have all the pieces we need to evaluate the Euclidean action of our solution
I = −
(∫ β
0
dτ
∫ R
φH
dφ−
∫ βext
0
dτ
∫ R
φext
dφ
)
Lbulk − 2
(∫ β
0
dτ −
∫ βext
0
dτ
)
Lbdry
= −β
[(
3ΛR+ 4ke2kR
)(
1− βext
β
)
− (3ΛφH + 4ke2kφH)+ βext
β
(
3Λφext + 4ke
2kφext
)]
−2β
[
m− RΛ
2
+
Λ
2k
− βext
β
(
mext − RΛ
2
+
Λ
2k
)]
. (2.23)
Taking R → ∞ we obtain the action of our black hole space-time relative to the
extremal black hole reference background
I = βΛ (φH − φext) . (2.24)
The free energy of the solution now follows. Given that we are considering an ensemble
of fixed charge black hole solutions, what we have actually calculated is the Helmholtz
free energy for the canonical ensemble. We therefore know that this is given by the
following relation
F =
I
β
= E − TS (2.25)
where E =M −Mext.
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2.4 Black Hole Entropy
In order to calculate the entropy in the simplest manner the free energy should first
be expressed in terms of temperature alone
F = − Λ
2k
ln
(
1− 2pi
k
T
)
. (2.26)
Notice that the free energy for the extremal black hole is zero as we would expect
since we have the extremal black hole as a reference background.
The black hole entropy then follows from the standard thermodynamic relation
relating Helmholtz free energy to entropy
S = −∂F
∂T
= −piΛ
k2
(
1− 2pi
k
T
)−1
= 4pie2kφH . (2.27)
It is important to observe that the entropy of the extremal black hole is non-zero.
Furthermore, we comment that this entropy can indeed be obtained by integrating up
the second law of thermodynamics given our value for the temperature and the ADM
mass of the black hole. Expressing both as functions of φH and integrating over what
seems the most natural range for this radial coordinate, [φH ,∞], the correct constant
of integration is obtained.
As an aside, note that we can express the entropy (2.27) in a familiar form,
S = 4pie2kφH =
4pi
e2ΦH
=
A
4GN
, (2.28)
where Newton’s constant, GN , is expressed in terms of the dilaton at the horizon,
GN = e
2ΦH/16pi. Here we are using the natural value A = 1 for the area of the black
hole horizon as seen from one side of the singularity.
2.5 Non-zero Free Energy of the Extremal Black Hole
Given the fact that the free energy we have calculated is the Helmholtz free energy,
we have been able to express this in terms of the basic thermodynamic quantities of
the black hole space-time (2.25):
F =M −Mext − TS. (2.29)
Obviously such a free energy includes a contribution from the reference space-time
of our subtraction scheme, but this subtraction may be easily removed. We can
calculate the free energy of the black hole space-time alone by merely adding back on
the contribution from the mass of the extremal black hole
FBH = F +Mext ≡M − TS. (2.30)
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The resulting free energy is given by
FBH = ΛφH − Λφext + 2mext − Λφc = Λ (φH − φc)− Λ
2k
= − Λ
2k
ln
(
e1+2(ΦH−Φc)
)
, (2.31)
where in the last line we have used Φ = −kφ. This free energy can also be expressed
in terms of the temperature as
FBH = − Λ
2k
ln
(−4k2e
Λ
[
1− 2pi
k
T
]
e−2Φc
)
. (2.32)
This is obviously the free energy presented earlier up to the additive constant of the
extremal black hole mass so the entropy is unaffected.
Most importantly to us now, we have a non-zero free energy for the case of the
extremal black hole which we shall demonstrate is reproduced in the matrix model,
FBH(T = 0) = −
Λ
2k
ln
(−4k2e
Λ
e−2Φc
)
= − q
2
16pi
√
2
α′
ln
(
q2
32pie
e2Φc
)
, (2.33)
where the definitions (2.2) have been inserted.
3 The Matrix Model Free Energy
Let us now turn to the deformed matrix model and calculate the free energy there.4
We will find that, to leading order in 1/q, the extremal value of the black hole free
energy (2.33) precisely matches the matrix model free energy calculated below.
We shall also discuss how the matrix model can be modified in order to reproduce
the T -dependent free energy representing the non-extremal black hole.
3.1 Free Energy from the Matrix Model
It is well known that the free energy of the matrix model can be written as
FMM =
∫ −µ
−εc
ερ (ε) dε, (3.1)
where the density of the number of states is given by
ρ (ε) = −1
pi
Im
∑
n=0
1
En + ε
(3.2)
at zero temperature. −µ is the position of the Fermi sea, and −εc is a cutoff.
4Such calculations have previously been done in, e.g., [6].
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Following [5] we may formally continue α′ → −α′ in order to have a right side up
harmonic oscillator. We then have the following Schro¨dinger equation to solve:(
−1
2
d2
dx2
+
1
4α′
x2 +
η
2x2
)
ψ (x) = Eψ (x) , (3.3)
where η = q2 − 1/4. Using this, the energy eigenvalues of the original problem can
be shown to be
En =
i
2
√
2α′
(2n + 1 + 2an) , (3.4)
where
an = −(−1)n
(
−1
2
+
√
1
4
+ η
)
. (3.5)
For q ≥ 0, we must throw away the even parity solutions leaving only the odd levels
given by
E2l+1 =
i
2
√
2α′
(4l + 3− 1 + 2q) = i√
2α′
(2l + 1 + q) . (3.6)
To leading order in large q we find
ρ (ε) = −1
pi
Im
∑
l=0
1
i√
2α′
(2l + 1 + q) + ε
∼ − 1
2pi
√
α′
2
ln
(
q2
4
+
α′
2
ε2
)
+ const., (3.7)
where the constant depends on the cutoff εc but is independent of q. Using this we
find a free energy (at µ = 0) given by
FMM = − q
2
16pi
√
2
α′
ln
(
q2
4e
2
α′ε2c
)
+ ..., (3.8)
up to terms of higher order in 1/εc or independent of q.
3.2 Comparing the Deformed Matrix Model with the Black
Hole
If we compare (3.8) with the free energy in equation (2.33), derived from the space-
time point of view, we see that the numerical coefficient in front of the logarithm
is in perfect agreement. That is, the cutoff independent non-analytical (in q) parts
of the free energies are identical. The agreement carries over also to the analytic
cutoff dependent part of the expression provided that we relate the spatial space-
time cutoff φc to the energy cutoff εc in the matrix model. The latter can also be
understood as an IR-cutoff in the matrix eigenvalue coordinate x. Even though the
cutoffs are related in a natural way, it is well known that the relation between the
matrix eigenvalue coordinate and space-time is quite complicated and given by a
nonlocal integral transform. Nevertheless, it is reassuring to see the correspondence.
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While it is gratifying that we obtain this agreement on the level of the free energy
at zero temperature, it would be nice to be able to reproduce the full temperature
dependent free energy using the deformed matrix model. In this context one should
note that the temperature dependence of (2.31) is of an extremely simple form. In-
deed, all of the temperature dependence comes from the way in which the spatial
volume depends on the position of the horizon.5 This can, possibly, be a clue towards
a complete understanding of the correspondence from the point of view of the matrix
model.
Unfortunately, it is not enough to turn on a temperature in the deformed matrix
model simply by compactifying Euclidean time. The resulting free energy will not
be of the form (2.31) and will not give rise to the correct entropy. The most natural
interpretation of this observation is that the naive way of turning on a temperature
just corresponds to placing the extremal black hole in an external heat bath without
changing the mass.
Instead it is reasonable to expect that we need yet another parameter to deform
the matrix model. An interesting candidate is found if we make use of the non-singlet
states of the matrix model as is done in [13]. It is claimed in that paper that the
fugacity of the vortices is a measure of the mass of a Witten type uncharged black
hole [21]. In our case we expect the fugacity to be a measure of the departure from
extremality, and, as a consequence, the calculations of [13] would have to be redone
for the deformed matrix model. In principle we would then have two free parameters:
the fugacity and the temperature. In order to reproduce the correct thermodynamics,
however, there needs to be an extra relation analogous to the space-time relation
between the temperature and the mass. It would be interesting to see how this comes
about in the matrix model.6
4 Conclusions
In this paper we have discussed the thermodynamics of the two-dimensional type
0A black hole. In particular, using the Euclidean approach, we calculated the (non-
extremal) classical free energy (2.31), from which all the other quantities of interest
follow in the usual way.
In comparing the space-time results to the conjectured dual 0A matrix model we
found that the free energies agree in the extremal limit. It would quite naturally
be very interesting to see if the agreement between the free energies still holds away
from extremality. In particular one would like to be able to calculate the black hole
entropy directly from the matrix model. The correct matrix model description of this
non-extremal black hole is still an open question.
However, we believe that the evidence presented here (see also [11, 12]) in favour of
the duality between the deformed matrix model and the 0A black hole is an important
5One is tempted to write the cutoff on the matrix model side as x4
H
/x4
c
in a similar fashion.
6One should note that in case of the uncharged black hole the temperature is independent of the
mass. Compare (2.11) which for q = 0 gives T = k
2pi
.
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step towards a better understanding of this issue.
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